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1. Introdution
An important problem in osmology is the presene of singularities, i.e. a set of points
in spaetime where the laws of lassial physis would be broken. This problem has
been studied in numerous papers. One of the most famous is this of Hawking and
Penrose [1℄. It is shown that, for the FLRW models with matter eld respeting the
strong and weak energy onditions, it always exists a singularity. Some methods have
also been developed to build Lagrangien suh that the theory hene dened be non
singular [2, 3, 4℄. Another method is used in quantum osmology where the absene of
singularity is sometimes imposed by writing that the wave funtion vanishes with the
sale fator. Last, for the string theory, Gasperini and Veneziano have proposed the
models of Pre-Big-Bangs whih ould allow to avoid the singularity [5, 6℄.
In any ase, to get a non singular theory it is neessary that all the urvature
invariants be bounded. This point has been studied by Rama in [7℄ for the FLRWmodels
and the Generalised salar tensor theory (GST). In this paper we wish to examine from
the same viewpoint what is the situation in the Hyperextended salar tensor theory
(HST) for the Bianhi models by studying the divergene of the salar urvature, Rii
and Krethmann salars whih are the most ommon urvature invariants met in the
literature. Note that this type of study is made at a lassial level whereas singularity
deals with quantum osmology. However, we hope that the absene of singularity at a
lassial level would indiate their absene at a quantum one.
Let us justify the geometrial framework of this paper. Although for present time
our Universe seems to be isotropi, it is not proved that it was the ase at early times
or even that it is not a loal phenomenon. Then, it is interesting to onsider the
homogenous models, i.e. the Bianhi models. Among them, the Bianhi types I, V ,
V II0, V IIh and IX models, whih admit FLRW solutions, are able to isotropize [8℄.
Hene we will study the Bianhi type I and V models. When they isotropize, the rst
one tends toward the at isotropi model and the seond one toward the open one. We
will also study the Bianhi type V I0 model, onsidered in [9, 10℄. Last we will examined
the Bianhi type II model whih is representative of the Bianhi models of lass A
during phases of strong anisotropy [11℄.
Let us justify the study of the HST [12, 13℄. Its Lagrangian ontains two free
funtions depending on a salar eld φ. The rst one, G(φ), represents the gravitational
funtion and the seond one, ω(φ), a oupling funtion between the salar eld and the
metri. The salar elds are predited by partile physis theories as string theory or
supergravity. In osmology they allow to solve numerous diulties as age problem or
inationary exit. However, the use of theories with free funtions depending on φ is
also the soure of new problems: what are the lasses of funtions G and ω whih are
agreed with both observational tests [14, 15, 16℄ and theoretial onsiderations suh as
the absene of singularity. In this work we will onsider this last question: our goal
is to nd suient onditions on G and ω suh that some urvature invariants do not
diverge. We will not onsider other forms of matter but salar elds sine salar eld
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dominated models are often asymptotial solutions for early or late times.
The paper is organised as follows. In setion 2, we write the eld equations of the
HST, the salar urvature, Rii and Krethmann salars. In setion 3, we determine
suient onditions suh that they be bounded at any times for the Bianhi type I, II,
V and V I0 models. In setion 4, we use them to determine some suitable forms of ω
for the GST and a string inspired theory. We onlude in setion 5 and ompare our
results with these of Rama.
2. The urvature invariants
We use the following line element:
ds2 = −dt2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2 (1)
The ωi are the one forms speifying eah Bianhi model. The Lagrangien of the HST is
written:
L = G(φ)−1R− ω(φ)
φ
φ,µφ
,µ
(2)
where φ is the salar eld, ω the oupling funtion and G the gravitation funtion, both
depending on φ. We get the eld equations and the Klein-Gordon equation by varying
the ation with respet to the metri funtions and the salar eld:
Rµν − 1
2
gµνR = G[
ω
φ
φ,µφ,ν − ω
2φ
φ,λφ
λgµν + (G
−1),µ;ν − gµν✷(G−1)℄ (3)
φ˙2
[
−ωφ
φ
+
ω
φ2
−G(G−1)φω
φ
]
+
2ω
φ
✷φ + 3G(G−1)φ✷G
−1 = 0 (4)
An overdot means a derivative with respet to the proper time t. To alulate the ur-
vature invariants, we dene the τ time by dt = eα+β+γdτ . It would be more interesting
to use the proper time t, sine τ is not a physially signiant times. However alulus
in the Bianhi model are more tratable in the τ time. In fat, we will rst get our
results in the τ time and will generalise then in the t times in the last setion by making
omparisons with the results of Rama for the FLRW models.
The rst urvature invariant we ompute is the salar urvature, obtained by ontrating
the equation (3):
R = V −2G(−ωφ−1φ′2 − 3(G−1)′′) (5)
The prime holds for derivative with respet to τ and V = eα+β+γ denes the 3-volume
of the Universe. We introdue (5) in (3) to obtain an expression for Rµν and then we
get the Rii salar:
RµνR
µν = V −4G2[ω2φ−2φ′4 + ωφ−1φ′2(3(G−1)′′ − 2(G−1)′V ′V −1)
+ (−(G−1)′′2 + (G−1)′2V −2V ′2 − 2(G−1)′′(G−1)′V −1V ′)℄ (6)
Last, the Krethmann salar dened as RαβµνRαβµν will be alulated with the help of:
Rαβµν = Γαβν,µ − Γαβµ,ν + ΓmβνΓαmµ − ΓmβµΓαmν − CmµνΓαβm (7)
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with
Γαβµ = 1/2(gαβ,µ + gαµ,β − gβµ,α + Cµαβ + Cβαµ − Cαβγ) (8)
The Γ are the onnetions and the C the struture onstants speifying eah Bianhi
model. To express this salar as a funtion of V , ω, G and φ, as the two previous
ones, we need to solve the eld equations (3)-(4) to get α, β and γ depending on
this quantities. In the next setion we hoose suient onditions suh that the three
urvature invariants be bounded.
3. Suient onditions suh that the salar urvature, Rii and
Krethmann salars be bounded
The Klein-Gordon equation an be integrated to give:[
3
4
(G−1) 2φ +
1
2φ
G−1ω
]
φ′2 = φ0 (9)
φ0 is an integration onstant. The salar eld is thus a monotonous funtion of time.
The term in square braket is proportional to the energy density of the salar eld in the
Einstein frame. If we assume a positive energy density, we get a variation interval for φ.
Moreover, equation (9) allows us to write φ′, (G−1)′ = G−1φ φ
′
and (G−1)′′ = ((G−1)′)φφ
′
as funtions of ω and G:
(G−1)′ = φ
1/2
0 (G
−1)φ(
3
4
(G−1φ )
2 +
G−1ω
2φ
)1/2 (10)
(G−1)′′ = 4φ0
2(G−1)φφωG
−1φ− (G−1) 2φ ωφ+ (G−1)φ(ωG−1 −G−1ωφφ)
(2G−1ω + 3φ(G−1) 2φ )
2
(11)
Our aim being to hoose suient onditions on G and ω suh that the urvature
invariants do not diverge, we have just to write them as funtion of G, ω, φ and their
derivatives with respet to τ and to use the expressions (10) and (11) to ahieve our
goal. In the rst subsetion, we look for these suient onditions. Sometimes, their
expressions depend on the Bianhi type. They will be studied in the seond subsetion.
3.1. Suient onditions suh that the urvature invariants be bounded
Eah of the three urvature invariants depends on the 3-volume. So the rst suient
ondition we will hoose will be V 6= 0. Its expression as a funtion of the salar eld
depends on the Bianhi model and will be studied in the next subsetion. Assuming
that V 6= 0, suient onditions suh that the salar urvature (5) be bounded whatever
the Bianhi type will be that the following quantities do not diverge:
• G(G−1)′′
• Gωφ′2φ−1
Eah of them may be expressed as a funtion of G and ω independently of the Bianhi
type.
For the Rii salar, it is suient that the following quantities do not diverge:
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• G(G−1)′′
• Gωφ′2φ−1
• G(G−1)′
• V ′V −1 i.e. α′ + β ′ + γ′
The expression of the last one as a funtion of G and ω depends on the Bianhi model
and will be studied in the next subsetion. The two rst onditions have already been
hosen for the salar urvature. The third one is new. Its expression as a funtion of G
and ω does not depend on the Bianhi type and an be written with help of (10) and
(11).
The expressions of all the suient onditions as funtion of G and ω suh that the
Krethmann salar be bounded depends on the Bianhi model. For the Bianhi type
I and V model, it is suient that the rst and seond derivatives of α, β and γ be
bounded. For the Bianhi type II model, we have an additional onditions, i.e. α have to
be bounded. Idem for the Bianhi type V I0 model for whih α and β have not to diverge.
These onditions always imply that V ′V −1 is bounded. Of ourse, requiring that the
derivatives of α, β and γ do not diverge for the Krethmann salar is also suient suh
that the two previous urvature invariants be bounded. Then, the suient onditions
we found above as funtion of G and ω are ontained in the requirement that these
derivatives be bounded. However, they have been found independently of any Bianhi
model. It is why we have onsidered that it was interesting to dedue them separately.
3.2. Expression of the suient onditions depending on the Bianhi model as funtion
of the salar eld
In what follows, we examine the previous onditions whose expressions as funtion of
the salar eld depends on the Bianhi model, i.e. V = eα+β+γ 6= 0 and the onditions
related to the Krethmann salar.
3.2.1. Suient onditions suh that the rst and seond derivatives of α, β and γ
be bounded for the Bianhi type I model and the metri funtions be non vanishing.
The struture onstants of the Bianhi type I model are all vanishing. The spatial
omponents of the eld equations are:
α′′ = −α′G(G−1)′ − 1
2
G(G−1)′′
β ′′ = −β ′G(G−1)′ − 1
2
G(G−1)′′ (12)
γ′′ = −γ′G(G−1)′ − 1
2
G(G−1)′′
We multiply eah of them by G−1. After an integration, we get:
α′ = (K − 1/2(G−1)′)G (13)
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From a seond integration, we dedue:
α = K
∫
Gφ′−1dφ− 1/2 lnG−1 (14)
K is an integration onstant. Equivalent expressions an be found for β and γ. With
simple onsiderations, we get some suient onditions suh that the derivatives of α,
β and γ be nite and V 6= 0:
• K ∫ Gφ′−1dφ does not diverge toward −∞
• G is bounded and non vanishing
• G(G−1)′ is bounded
• G(G−1)′′ is bounded
Eah of them an then be written as funtion of the salar eld by using equations (10)
and (11). We will study their physial meaning in the last setion. In [21℄ where a GST
with a perfet uid in the Bianhi type I model is onsidered, similar onditions for
the absene of singularity was found: it has been shown that singularity ours when
V → 0 and φ→∞.
3.2.2. Suient onditions suh that eα and the rst and seond derivatives of α, β and
γ be bounded for the Bianhi type II model and the metri funtions be non vanishing.
The non vanishing struture onstants are C123 = −C132 = 1. The spatial omponents of
the eld equations are written:
α′′ = −α′G(G−1)′ − 1
2
G(G−1)′′ − 1/2e4α
β ′′ = −β ′G(G−1)′ − 1
2
G(G−1)′′ + 1/2e4α (15)
γ′′ = −γ′G(G−1)′ − 1
2
G(G−1)′′ + 1/2e4α
In the Einstein frame where the metri funtions are related to these of the Brans-Dike
frame by gµν = Gg˜µν , the solutions of the eld equations are well known. They are
written α˜ = 1/2 ln(k cosh−1 [τ˜ − τ˜0]), β˜ = B0 + B1τ˜ − 1/2 ln(k cosh−1 [τ˜ − τ˜0]) and a
similar expression for γ. k, B0, B1 and τ˜0 are integration onstants. From the Klein-
Gordon equation in the Einstein frame, we get τ˜ − τ˜0 =
∫
G/φ′dφ. Hene, we dedue
the expression of the metri funtions in the Brans-Dike frame:
α = 1/2 ln{kG cosh−1(k
∫
G/φ′dφ)}
β = B0 +B1
∫
Gφ′−1dφ− 1/2 ln{kG−1 cosh−1(k
∫
Gφ′−1dφ)
γ = C0 + C1
∫
Gφ′−1dφ− 1/2 ln{kG−1 cosh−1(k
∫
Gφ′−1dφ)
Thus, some suient onditions suh that eα and the rst and seond derivatives of α,
β and γ be bounded for the Bianhi type II model with V 6= 0 will be:
• ∫ Gφ′−1dφ is bounded.
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• G is bounded and non vanishing.
• G(G−1)′ is bounded.
• G(G−1)′′ is bounded.
These onditions are the same as these of the Bianhi type I model but now
∫
Gφ′−1dφ
have to be bounded suh that eα stays nite.
3.2.3. Suient onditions suh that eα, eβ, the rst and seond derivatives of α, β and
γ be bounded for the Bianhi type V I0 model and the metri funtions be non vanishing.
The non vanishing struture onstants are C123 = −C132 = C213 = −C231 = 1. We will
onsider the LRS ase for whih α = β. The spatial omponents of the eld equations
are written:
α′′ = −α′G(G−1)′ − 1
2
G(G−1)′′ (16)
γ′′ = −γ′G(G−1)′ − 1
2
G(G−1)′′ + 2e4α
The rst equation is the same as for the Bianhi type I model. Its solution is then:
α = K
∫
G/φ′dφ− 1/2 lnG−1
Putting it in the seond equation of (16), we get:
γ = −1/2 lnG−1 + (
∫
G/φ′dφ)2 + 2
∫
e4K
∫
G/φ′dφ/φ′dφ
Some suient onditions suh that eα, eγ, the rst and seond derivatives of α and γ
be bounded with V 6= 0 are thus:
• ∫ Gφ′−1dφ is bounded.
• G is bounded and non vanishing.
• G(G−1)′ is bounded.
• G(G−1)′′ is bounded.
• ∫ e4K ∫ Gφ′−1dφφ′−1dφ does not tend toward −∞.
These onditions are the same as these of the Bianhi type II model exept the last one
whih seems to be spei to the Bianhi type V I0 model.
3.2.4. Suient onditions suh that the rst and seond derivatives of α, β and γ be
bounded for the Bianhi type V model and the metri funtions be non vanishing. The
non vanishing struture onstants of this model are C221 = −C212 = C331 = −C313 = 1.
The spatial omponents of the eld equations are written:
α′′ = −α′G(G−1)′ − 1
2
G(G−1)′′ + 2e2β+2γ
β ′′ = −β ′G(G−1)′ − 1
2
G(G−1)′′ + 2e2β+2γ (17)
γ′′ = −γ′G(G−1)′ − 1
2
G(G−1)′′ + 2e2β+2γ
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In the Einstein frame, these three equations are turned into General Relativity equations
for the Bianhi type V model whose solutions in the T˜ time dened by dτ˜ = dT˜ e−β˜−γ˜ =
Gdτ have been found by Joseph [17℄:
e2α˜ = K2 sinh(2T˜ )
e2β˜ = K2 sinh(2T˜ ) tanh(T˜ )
√
3
e2γ˜ = K2 sinh(2T˜ ) tanh(T˜ )−
√
3
We then alulate that:
τ˜ − τ˜0 = 1/2K−2 ln tanh T˜ =
∫
Gφ′−1dφ (18)
The entral member of this last expression is dened for T˜ ∈ [0,+∞[ and vary from −∞
to 0. We dedue that the integral diverges when T˜ → 0 and vanishes when T˜ → +∞.
So, some suient onditions suh that the rst and seond derivatives of α, β and γ
be bounded with V 6= 0 are:
• T˜ is bounded and non vanishing, i.e. ∫ Gφ′−1dφ do not diverge toward −∞ and is
non vanishing.
• G is bounded and non vanishing.
• G(G−1)′ is bounded.
• G(G−1)′′ is bounded.
These onditions are similar to these of the Bianhi type I model but the integral of G
with respet to τ shall be non vanishing. This is in agreement with [21℄ where it was
notied that the behaviour of the Bianhi type V model near the singularity is a subset
of the Bianhi type I model.
A summarise of these results is presented on tables 1 and 2.
4. Appliations
In this setion, we use the suient onditions of tables 1 and 2 to nd some forms of
the funtions G and ω suh that the salar urvature, the Rii and Krethmann salars
do not diverge for GST and string inspired theories.
4.1. Generalised salar tensor theory
The GST is dened by G−1 = φ. Lots of papers are devoted to its study [18, 19, 20, 21℄.
For this lass of theories, we have alulated that:
G = 1/φ
G(G−1)′ ∝ φ−1(3 + 2ω)−1/2
G(G−1)′′ ∝ −ωφφ−1(3 + 2ω)−2
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Gωφ′2φ−1 ∝ ωφ−2(3 + 2ω)−1
From table 2 we see that whatever the Bianhi type, G have to be bounded and non
vanishing. Hene, φ is stritly positive or negative and bounded. Sine G(G−1)′ have
not to diverge, we shall ask also that 3 + 2ω be non vanishing. This last funtion have
to be positive suh that the energy density of the salar eld be positive in the Einstein
frame. Last, G(G−1)′′ have also to be bounded: from what we write for φ, we dedue
that it will be veried if it is also the ase of ωφω
−2
. All these onditions imply that
Gωφ′2φ−1 will stay bounded.
A funtion ω orresponding to these requirements will be, as instane, 3 + 2ω =
m + [−(i+ φ)(j + φ)]n with m > 0, (i, j) < (0, 0) and n > 1. The salar eld is
then dened on the losed interval [−i,−j]. As φ′ ∝ 1/√3 + 2ω and G does not di-
verge, we an show that the integrals of the table 2 stay nite. Numerially, we have
heked that
∫
Gφ′−1dφ is non vanishing. Hene, for all the Bianhi models we have
studied, none of the three urvature invariants diverges.
4.2. String inspired theory
The low energy ation of the string theory without antisymetri strength eld is a HST
with G−1 = ω = e−φ. In this appliation, we will hoose G−1 = e−φ and ω = e−φΩ(φ).
At early time, the ompatiation of extra dimensions ould give birth to physial
phenomenon whih would be desribed by suh theories [25, 11℄. It is then interesting
to nd these whih are non singular. We have:
G = eφ
G(G−1)′ ∝ −2φ0eφ(3 + 2φ−1Ω)−1/2
G(G−1)′′ ∝ 4φ20eφ(−Ω + φΩφ)(3φ+ 2Ω)−2
Gωφ′2φ−1 ∝ e2φ(3φΩ−1 + 2)−1
G will be bounded and non vanishing if φ is bounded. From this, we dedue thatG(G−1)′
is bounded and real if Ωφ−1 > −3/2. Then, G(G−1)′′ is bounded if φ2ΩφΩ−2 is nite. All
these onditions imply that Gωφ′2φ−1 is always nite. A funtion Ω orresponding to
these requirements, have the same form as in the previous subsetion with (i, j) < (0, 0),
n > 1, m > −3/2 and mi−1 < 3/2. Then, the same remarks as in subsetion 4.1 apply
here.
5. Final remark and onlusion
In this work, we have determined suient onditions suh that the salar urvature,
the Rii and Krethmann salars do not diverge for the HST in Bianhi models. It is
neessary suh that the theory be non singular. These onditions are summarised in
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table 1 and 2.
Of ourse, other types of suient onditions an be hosen from this work. As
instane, we an replae the two onditions "G(G−1)′ is bounded" and "V 6= 0" by
"G(G−1)′V −1 = GG˙−1 is bounded". This new ondition an be written as a funtion of
φ by help of (10) and the expressions of V (φ) for eah Bianhi model. It is even possible
to write the three urvature invariants as funtions of φ, G, ω and their derivatives with
respet to φ and to searh onditions suh that the invariants be bounded diretly from
these expressions. However, it is not an easy task, partiularly when we onsider the
Krethmann salar.
What are the physial interpretation of the onditions we have hosen? Whatever the
Bianhi models, the gravitation funtion G have to be bounded and non vanishing. It
follows that (G−1)′ and (G−1)′′ are bounded. Another onditions is that
∫
Gφ′−1dφ =∫
Gdτ is bounded. Hene, we dedue that the sign of G will not hange during time
evolution: the gravitation is either attrative or repulsive but an not hange its nature.
If G tends toward a onstant as it seems to be the ase for our present epoh or is
asymptotially monotone, as
∫
Gdτ is bounded, τ is bounded. As dt = V dτ , it means
that if the 3-volume of the Universe diverge or tends asymptotially toward a onstant,
t will behave in the same way. Hene, a nite asymptoti value of the Universe 3-volume
means a nite interval of proper time and an innite asymptotial value, an open interval
of proper time for the Universe. We have also hosen that Gωφ′2φ−1 be bounded. As G
do not diverge, if we impose that the solar system tests be respeted, i.e. ω → ∞, we
need then φ′φ−1 → 0. As instane, It ould be realised if the salar eld tended toward
a onstant whih is a realisti assumption for late times period. Note that the ondition
on Gωφ′2φ−1 is not independent of the others: it is a onsequene of the Klein-Gordon
equation, the fat that G−1 is non vanishing, bounded and (G−1)′ is bounded. This fat
has been observed in the appliations of setion 4.
Finally, the onditions we have established suh that the three urvature invariants we
studied be nite an be summarised in four simple points for the Bianhi types I, II, V
and VI models:
• G is bounded and non vanishing
• (G−1)′ and (G−1)′′ whih an be expressed with equations (10) and (11) are bounded
• ∫ Gdτ does not diverge toward −∞ or/and +∞ depending on the Bianhi models
• For the Bianhi type V I0 model there is a speial onditions, i.e.
∫
e4K
∫
Gdτdτ does
not diverge.
From these onditions and the elds equations obtained for eah Bianhi model, we de-
due that the nth derivatives of eah metri funtion with respet to τ will be bounded if
the nth derivative of G with respet to τ is bounded. This derivative an be alulated as
a funtion of G, ω and their derivatives with respet to the salar eld with help of the
reursive relation dnG/dτn = d [dn−1G/dτn−1] /dφφ′ and the relation (9). Adding this
last onditions to the four previous one, this ensures then that eah urvature invariant
is bounded.
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Eah of these onditions an be expressed with G, ω and their derivatives with respet
to the salar eld. Hene we have ahieved the goal we xed at the beginning of the
paper: we have found a simple set of suient onditions suh that the invariant ur-
vatures of the HST be bounded. The theories dened by these onditions ould then
be interesting theories to represent asymptotial behaviour of an anisotropi Universe
if we assume that the singularity must be avoided.
A similar work has been arried out by Rama [7℄, with the GST with a perfet
uid for the FLRW models. In this last paper, as suient onditions suh that none
of the urvature invariant diverges, it was hosen that the invert of the sale fator, eA,
and the suessive derivatives of A with respet to the proper time t be bounded. If we
exlude the onditions spei to the presene of matter, the others were written:
• e−A is bounded
• φ˙φ−1 is bounded
• ωφ˙2φ2 is bounded
• φn(3 + 2ω)−1dn(3 + 2ω)/dφn(φ˙φ−1)n is bounded
We have reovered the rst one by writing that the 3-volume be non vanishing. It implies
also that
∫
Gdτ is bounded. Sine we have hosen that G(G−1)′ and V −1 are bounded,
it means that there produt is bounded too. This implies the seond ondition sine
dt = V dτ and φ should be replaed by G−1 for the hyperextended theory. However the
reverse is false. In this way, the suient onditions we have hosen are more restritive
for the funtions G and ω than these of Rama. We an reover the third ondition of
Rama in the same way sine we have assumed that V −1 and Gωφ′2φ−1 were bounded.
the fourth ondition ome from the fat that the suessive derivatives of A have to be
bounded and should be related with the ondition on the niteness of dnG/dτn. Hene,
by mathing the onditions hosen in this work, we an reover all the onditions of [7℄
whih are not onerned by the presene of matter. The main dierene omes from
the fat that we have replaed φ by G−1, i.e it arises beause we have onsidered an
hyperextended rather than a generalised salar tensor theory. It is a dierene of physial
order. There is also another dierene whih is of geometrial order. The only ondition
present in this work and not in [7℄ is the one for the Bianhi type V I0 model, implying
that
∫
e4K
∫
Gφ′−1dφφ′−1dφ is bounded. It seems to be a spei ondition haraterising
this model sine it has no equivalent in the other Bianhi models. It would explain
why it does not appear in the paper of Rama sine Bianhi type V I0 model an not be
related to a FLRW one. Hene, this paper omplete [7℄ by extended some of its results
in the HST for Bianhi models whih was one of the issues evoked in its onlusion.
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urvature invariant Bounded quantities
R G(G−1)′′, Gωφ′2φ−1, α′, β′, γ′
RµνR
µν G(G−1)′′, Gωφ′2φ−1, G(G−1)′, α′, β′, γ′
RαβµνR
αβµν
I et V α′, β′, γ′, α′′, β′′, γ′′
II α′, β′, γ′, α′′, β′′, γ′′, eα
V I0 α
′
, β′, γ′, α′′, β′′, γ′′, eα,eγ
Table 1. When V 6= 0, it is suient that these quantities be bounded suh that
the urvature invariants do not diverge. For the salar urvature and the Rii salar,
these onditions are independent on the onsidered Bianhi models.
Model Conditions
I G, G(G−1)′, G(G−1)′′ are bounded, G is non vanishing
K
∫
Gφ′−1dφ does not diverge toward −∞
II G, G(G−1)′, G(G−1)′′ is bounded, G is non vanishing∫
Gφ′−1dφ is bounded
V I0 G, G(G
−1)′, G(G−1)′′ is bounded, G is non vanishing
LRS
∫
Gφ′−1dφ is bounded∫
e
4K
∫
Gφ′−1dφ
φ′−1dφ does not tend toward −∞
V G, G(G−1)′, G(G−1)′′ is bounded, G is non vanishing∫
Gφ′−1dφ is non vanishing and does not diverge toward −∞
Table 2. Suient onditions suh that the Krethmann salar be bounded and the
3-volume be non vanishing for the Bianhi type I, II, V I0 and V models.
